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CHARACTERISING ACTIONS ON TREES YIELDING
NON-TRIVIAL QUASIMORPHISMS
ALESSANDRA IOZZI, CRISTINA PAGLIANTINI, AND ALESSANDRO SISTO
Abstract. We study the construction of quasimorphisms on groups
acting on trees introduced by Monod and Shalom, that we call
median quasimorphisms, and in particular we fully characterise
actions on trees that give rise to non-trivial median quasimor-
phisms. Roughly speaking, either the action is highly transitive
on geodesics, it fixes a point in the boundary, or there exists an
infinite family of non-trivial median quasimorphisms. In particu-
lar, in the last case the second bounded cohomology of the group
is infinite dimensional as a vector space. As an application, we
show that a cocompact lattice in a product of trees only has trivial
quasimorphisms if and only if both closures of the projections on
the two factors are locally ∞-transitive.
1. Introduction
Since its inception in the 80s, bounded cohomology has proven it-
self to be a very efficient tool to approach rigidity questions (see for
example [Gro82, Ghy87, Mat87, BI04, BIW10, BFS13]). While in de-
gree 0 and 1 there are no enlightening differences between bounded
and ordinary group cohomology, in degree two the study of the natural
comparison map H2b → H
2 has also proven to be very fruitful. For ex-
ample the surjectivity of the comparison map with all coefficients is a
characterisation of Gromov hyperbolicity [Min01, Min02], while the in-
jectivity is equivalent to the vanishing of the stable commutator length
[Bav91]. It is hence natural that a lot of attention has been devoted to
the study of the kernel of the comparison map, that is to say the space
of quasimorphisms.
In this paper we study the space of quasimorphisms of a group Γ
acting by automorphisms of a simplicial tree T and we denote ρ :
Γ → Aut(T ) such an action. On the one hand we give a trichotomy
to show that, roughly speaking, either the action of Γ on T is highly
transitive on geodesics, it fixes a point in the boundary ∂T of T , or
there exists an infinite family of non-trivial quasimorphisms on Γ. As
All authors were supported by Swiss National Science Foundation project 144373.
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an application, we prove the converse of a result of Burger and Monod,
[BM02, Corollary 26], thus giving a full characterization of locally ∞-
transitive groups in terms of quasimorphisms.
More precisely, if n ∈ N, we call n-geodesic a geodesic segment of
length n. Let E (n) be the set of connected oriented n-geodesics in
T and let us consider the isometric action of Γ on ℓ1(E (n)), given by
π(g)f(s) := f(g−1s). Let us fix a vertex v ∈ T . We start by recalling
the construction of a cocycle due to Monod and Shalom, [MS04], which
is a discrete version of the Gromov–Sela cocycle. We define a map
ω : Γ→ ℓ1(E (n)) by
ω(g) := χJv,gvK − χJgv,vK,
where Jx, yK is the set of connected geodesic segments of length n con-
tained in the geodesic [x, y] and oriented as [x, y]. It is easy to see that
while ω is not bounded as a function of g,
sup
g,h∈Γ
‖δ1ω(g, h)‖1 <∞,
as δ1ω(g, h) := π(g)ω(h)− ω(gh) + ω(g) is supported only on the geo-
desic paths that go through the median of the vertices v, gv and ghv1.
Given an oriented n-geodesic s, we define the median quasimorphism
fρ(Γ)s : Γ→ Z to be the evaluation of ω on the characteristic function
χρ(Γ)s ∈ ℓ
∞(E (n)) of the Γ orbit of s
(1.1) fρ(Γ)s(g) := 〈ω(g), χρ(Γ)s〉 =
∑
γ∈ρ(Γ)s
χJv,gvK(γ)− χJgv,vK(γ).
Then, in Section 3 we prove the following result:
Theorem 1. Suppose that Γ acts minimally on the tree T and that
every vertex of T has valence greater than 2. Then exactly one of the
following holds.
(i) There exists l ∈ {1, 2} so that for each n, Γ acts transitively on
{[x, y] ∈ E (n) : d(x, v) ≡ 0 (l)},
where v is any vertex of T .
(ii) Γ fixes a point a in the boundary ∂T of T .
(iii) There exists an infinite family {[δ1fρ(Γ)sn ]}n∈N of linearly indepen-
dent coclasses in H2b(Γ,R). In particular, there exists an injective
R-linear map ℓ1 → H2b(Γ,R).
1This means that the cocycle δ1ω : Γ × Γ → ℓ1(E(n)) defines a bounded coho-
mology class [δ1ω] ∈ H2b(Γ, ℓ
1(E(n))).
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Remark 2. The conditions that Γ acts minimally on the tree T and
that every vertex of T has valence greater than 2 are not restrictive
because given any action on a tree T one can consider a minimal subtree
T ′, which exists provided that Γ does not consist entirely of parabolic
elements fixing the same point at infinity [Tit70, Corollary 3.5]. There
are no vertices of valence 1 in T ′ unless T ′ consists of a single edge only,
and vertices of valence 2 can be removed by regarding each maximal
path containing only vertices of valence 2 in their interior as a single
edge. The latter procedure gives a well-defined tree provided that T ′
is not a subdivision of R.
If T is a locally finite tree, recall that a group H < Aut(T ) is locally
∞-transitive if the stabiliser of each vertex is transitive on the n-spheres
for all n. Local ∞-transitivity implies already very strong properties
on the tree, that will be either regular or bipartite. Moreover, in some
sense locally ∞-transitive groups are the most rigid. For example if
H < Aut(T ) is a closed subgroup that is locally ∞-transitive, then for
all N E H , N 6= {e}, the quotient H/N is compact, [BM00, Propo-
sition 3.1.2]. Or else, if Γ < H1 × H2 is a cocompact lattice with
Hi < Aut(Ti) and Hi is locally ∞-transitive, then Γ satisfies the Nor-
mal Subgroup Theorem, that is every normal subgroup is finite or of
finite index, [BS06].
We prove in Section 5:
Corollary 3. Let Ti, i = 1, 2 be regular trees of valence greater than
2 and let Γ < Aut(T1) × Aut(T2) be a cocompact lattice. Also, let
pri : Aut(T1)× Aut(T2) → Aut(Ti) be the projection maps. Then the
following are equivalent:
(1) the Hi := pri(Γ)
Z
are locally ∞-transitive, i = 1, 2;
(2) any quasimorphism Γ→ R is bounded;
(3) any median quasimorphism Γ→ R is bounded.
As a consequence of this corollary we can construct infinite fami-
lies of examples of groups for which Theorem 1-(iii) holds, as appro-
priate extensions of irreducible cocompact lattices in the product of
PSL(n,Qp)× PSL(n,Qℓ), with n ≥ 3, p, ℓ prime (see Section 6).
Theorem 1 applies in particular to amalgamated products and HNN
extensions. Fujiwara [Fuj00] showed that, under mild hypotheses, these
have infinite dimensional second bounded cohomology. We show that
Fujiwara’s result can be deduced from ours, that gives in fact a strictly
larger class of amalgamated products with infinite dimensional second
bounded cohomology. For instance the group S3 ∗Z2 Z4, where S3 is the
symmetric group on 3 elements, satisfies condition (iii) of Theorem 1
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but is not covered by Fujiwara’s result, [Fuj00, Theorem 1.1]. See
Section 6 for details.
Another very large class of groups known to have infinite dimensional
second bounded cohomology is that of acylindrically hyperbolic groups
[HO13] (see also [FPS13, BBF13]), and under rather general conditions
a group acting on a tree is acylindrically hyperbolic [MO13, Theorem
2.1]. However, we remark that groups satisfying condition (iii) of The-
orem 1 include examples that are not covered by [MO13] (once again,
see Section 6 for details).
2. Notation
We fix the notation of the theorem, until the end of Section 4.
We fix a vertex v of T as basepoint. All geodesics have vertices of
T as endpoints.
Definition 2.1. The orbit length (or o-length) of a geodesic γ is the
number of vertices in ρ(Γ)v crossed by γ minus one. We denote the
o-length by | · |o.
An o(n)-geodesic is a geodesic segment of orbit length n with vertices
in ρ(Γ)v as endpoints. If we do not need to emphasize the length we
will use the notation o-geodesic. We call o-edge an o(1)-geodesic and
o-vertex a vertex in the orbit ρ(Γ)v. The set of oriented o(n)-geodesics
is denoted by E
(n)
v .
Definition 2.2. Let γ1 and γ2 be two o-geodesics. We say that γ1 is
chainable with γ2 if ξγ1 concatenates with gγ2 in an o-vertex for some
g, ξ ∈ Γ and they only intersect in such o-vertex.
3. Proof of Theorem 1
3.1. Mutual exclusiveness. First of all, we observe that cases (i),
(ii) and (iii) are mutually exclusive. It is clear that (i) and (ii) cannot
simultaneously occur.
Suppose now that (i) holds, and let us show that for any oriented
geodesic s, fρ(Γ)s is identically 0. In fact, the number of translates of
s contained in an o-geodesic γ only depends on the o-length of γ, and
hence it coincides with the corresponding number for γ−1. By definition
of fρ(Γ)s, this implies that fρ(Γ)s is identically 0.
If (ii) holds, any oriented geodesic is obtained concatenating two
(possibly trivial) subgeodesics γ1, γ2 so that γ1 and γ
−1
2 are each con-
tained in some ray towards the fixed point a ∈ ∂T . Furthermore, this
decomposition is preserved by the action of Γ. If the decomposition
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for the oriented geodesic s is trivial, meaning that one of the two sub-
geodesics is trivial, then fρ(Γ)s is 0 by an argument similar to the one we
gave above. If the decomposition is non-trivial, any oriented geodesic
contains at most one translate of s, whence fρ(Γ)s is bounded.
3.2. The strategy. We now have to show that when (i), (ii) do not
hold, then (iii) must hold.
Here is an informal description of the strategy that we will follow.
We will define an equivariant labelling on the oriented o-geodesics of
T , the label of an oriented o-geodesic being a word in the alphabet
{a, b, c}. We will show that certain “sufficiently complicated” words
can be realised as labels of oriented o-geodesics (when (i) and (ii) do
not hold). The main property of such words is that they only have short
common subwords compared to their length, which translates into o-
geodesics realizing such words having short overlaps compared to their
o-length. This property will allow us to control the counting procedure
that defines fρ(Γ)s and in particular to show, for suitable choices of s,
that the homogenization of fρ(Γ)s is not a homomorphism.
3.3. Labellings. A labelling for us will consist of the following data.
First, a positive integer k. Second, the choice, for each orbit of o(k)-
geodesics, of a letter from {a, b, c}, its label. With a slight abuse, we
sometimes refer to the label of an o(k)-geodesic to mean the label of
its orbit. Finally, the final piece of data is the assignment of a word
to each o-geodesic according to the following procedure. Let γ be an
o-geodesic. Let γ1 be the initial oriented subpath of γ of orbit length
k, we define the first letter of the label of γ to be the label of γ1. More,
in general, let γi be the oriented subpath of γ of orbit length k that
starts from the i-th o-vertex of γ. Then the i-th letter of the label
of γ is the label of γi. Once again, we call the word associated to an
o-geodesic the label of the o-geodesic. Notice that if an o-geodesic has
orbit length L ≥ k then the associated word has length L−k+1. (The
label of o-geodesics of orbit length less than k is empty.)
3.4. Choice of words. We wish to realise certain words as labels of
o-geodesics. The words satisfy the following requirements.
If w is a word in the alphabet {a, b} we denote by w the word ob-
tained reading w from right to left.
Lemma 3.1. There exists a family of words {wni}n≥1,i=1,2,3 in the al-
phabet {a, b} such that
(i) each wni is the concatenation of words of the form ab
N for N ≥ 2;
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(ii) for each integer k there exists n0(k) so that if n,m ≥ n0(k) and if
wni and wmj share a subword of length at least min{|wni| + k −
1, |wmj|+ k − 1}/10− k then n = m and i = j;
(iii) Once again for n,m ≥ n0(k), wni does not share a common sub-
word of length at least min{|wni| + k − 1, |wmj| + k − 1}/10 − k
with wmj ;
Proof. Let us pick v = 100(3n + i) with n ≥ 1 and i ∈ {1, 2, 3}. We
choose wni = ab
vabv+1 · · · abv+100. Since all the exponents of the b’s are
different the family of words {wni} easily satisfies the lemma. 
We say that a word in {a, b} is good if it satisfies the first item. In
the next subsection we will exhibit, in all cases where (i) and (ii) of
Theorem 1 do not apply, a labelling so that any good word can be
realised as the label of some o-geodesic. The reader might wish to skip
this on first reading.
Remark 3.2. We will also ensure that the labellings satisfy one of the
following two conditions.
(1) Either we assign the label a (resp. b) to a unique orbit of o-
geodesics, or
(2) the inverse of any element labelled a is not in an orbit labelled
b.
3.5. Definition of the labelling. The labellings have to be defined in
different ways depending on the properties of the action of Γ. We also
show case by case why any good word can be realised as an oriented
o-geodesic.
Case (1). Suppose that Γ does not act transitively on the set E
(1)
v
of o-edges, and furthermore that there exist representatives e1, e2, e3 of
three distinct orbits of o-edges that only meet at their common starting
point v.
The first required piece of data of the labelling is a positive integer:
we pick k = 1.
Let us point out the following fact that will be used in this subsection.
Remark 3.3. Every incoming o-edge e in v is chainable with at least
two o-edges among e1, e2 and e3. Indeed, the o-edge e (the thickened
one in Figure 1) could share its final edge with at most one among e1,
e2 and e3.
Similarly, if we suppose that two o-edges only meet at their common
starting point v, then every incoming o-edge e in v is chainable with at
least one of those (see Figure 2). In particular, if both the emanating
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PSfrag replacementse1 e2
e3
e
Figure 1. e is chainable with e1 and e2
PSfrag replacements
e1 e2
e
Figure 2. e is chainable with e2
o-edges are in the orbit of e1, for instance, then every incoming o-edge
in v is chainable with e1.
Let us now form a directed graph Λ (possibly with loops) with ver-
tices marked 1, 2, 3 and edges as follows. If, for some i, j, ei is chainable
with ej , then connect i and j with a directed edge i → j in the graph
Λ. By Remark 3.3 it follows that at least two edges emanate from any
vertex of Λ.
Lemma 3.4. Up to permuting the indices, either Λ
(a) contains the subgraph described in Figure 3-(a), or
(b) it is the graph of Figure 3-(b), or
(c) it is the graph of Figure 3-(c).
PSfrag replacements
1 23
(a)
PSfrag replacements
1 2
3
(b)
PSfrag replacements
1 2
3
(c)
Figure 3. Directed graph Λ
Proof. Let us suppose that Λ does not contain a subgraph of type bigon-
loop (Figure 3-(a)). Let us focus on the vertex j ∈ {1, 2, 3}. Either
one edge emanating from j is a loop or no edge is a loop. If a loop
is based at j then the same happens at all vertices of Λ otherwise we
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can realise a bigon-loop. Hence, we have the configuration described
in Figure 3-(b). On the other hand, if no edge emanating from j is a
loop then there are no loops in Λ, and the only possible configuration
is the one described in Figure 3-(c). 
Case (1a). Suppose that the graph Λ contains a bigon-loop as in
Figure 3-(a).
Assign label a to the orbit of the o-edge e1 and label b to the orbit
of the o-edge e2. Finally, assign label c to all other orbits.
Figure 3-(a) implies that e2 is chainable with e1 and this realises
the syllable ba. Similarly, e1 is chainable with e2 so that we have the
syllable ab. Finally, e2 is chainable with e2, which corresponds to bb.
Therefore all good words can be realised as labels of o-geodesics.
Case (1b). The graph Λ is of type described in Figure 3-(b).
Assign label b to the orbit either of the o-edge e2 or of the o-edge
e3. Also, assign label a to the orbit of the o-edge e1 and label c to all
other orbits.
Similarly to Case (1a), Figure 3-(b) implies that all good words can
be realised as labels of o-geodesics.
Recall that we need to verify that our labelling satisfies one of the
two conditions listed in Remark 3.2. Since condition (1) does not hold,
let us verify that the inverse of any element labelled a is not in an orbit
labelled b (condition (2)). First of all notice that the only possible
configuration of the o-edges associated to Figure 3-(b) is described by
Figure 4. Therefore it can be easily seen that the inverse of e1 is neither
PSfrag replacements e1 e1
e3
e3
e2
e2
Figure 4. configuration of o-edges associated to Figure 3-(b)
in the orbit of e2 nor in the orbit of e3, for otherwise in both cases e2
would be chainable with e3.
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Case (1c). The graph Λ is of type described in Figure 3-(c).
Assign label a to the orbit of the o-edge e1. Also, assign label b to the
orbits of the o-edges e2 and e3, and label c to all other orbits. Then sim-
ilarly to Case (1a) we can realise the syllables ab, ba, bb concatenating
elements in the orbits of e1, e2, e3.
Moreover, as in Case (1b), let us verify that condition (2) of Re-
mark 3.2 holds. The inverse of e1 is neither in the orbit of e2 nor in
the orbit of e3, for otherwise e2 (resp. e3) would be chainable with e2
(resp. e3). Therefore the orbit of e
−1
1 is labelled with an a or with a c.
This completes the definition of the labelling in Case (1).
Case (2). Suppose that Γ does not act transitively on the set E
(1)
v of
o-edges, and that there do not exist o-edges e1, e2, e3 as in Case (1).
As in Case (1) we choose as positive integer k = 1.
Since the valence of v is at least 3, there exist o-edges e1, e
′
1 =
g(e1) with g ∈ Γ and e2 /∈ ρ(Γ)e1 emanating from v and pairwise only
intersecting in v, see Figure 5.
PSfrag replacements e1 e
′
1
e2
Figure 5. Case (2)
Case (2a). Suppose that e1 is chainable with e2.
As emphasized in Remark 3.3, any o-edge is chainable with e1. In
this case assign label a to the orbit of the o-edge e2 and label b to the
orbit of the o-edge e1. Moreover, assign label c to all other orbits. Then
the above chainable pairs allow us to realise the syllables ab, ba, bb.
Case (2b). Suppose that e1 is not chainable with e2, but that e1 is
chainable with e−11 .
This case cannot occur. In fact, by hypothesis, there are two o-edges
in the orbit of e1 only intersecting in their common final point v. This
easily implies that e1 is chainable with any o-edge.
Case (2c). Suppose that e1 is not chainable with e2, and e1 is not
chainable with e−11 . We show that condition (ii) of Theorem 1 applies.
We prove that one can put an orientation on T with the following
properties:
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• the (oriented) edge e is oriented positively (resp. negatively) if
and only if it is contained in an o-edge in the orbit of e1 (resp.
e−11 ).
• Every o-vertex has exactly one incoming edge.
Let us start with the remark that e1 is not in the orbit of e
−1
1 , for
otherwise e1 would be chainable with e2.
Also, we claim that any o-edge e emanating from v and sharing the
first edge with some o-edge in the same orbit as e1 has to be in the
same orbit as e1 (Figure 6). In fact, if this was not the case we would
PSfrag replacements
e1
e2
e′1
e
Figure 6
have o-edges in the orbits of e1, e2, e sharing only their common starting
point. Hence, this would be a triple as in Case (1) because the orbits
of e1, e2, e would be pairwise distinct: e1 is not in the same orbit as e2
by hypothesis, and if e was in the same orbit as e2 there would be two
o-edges emanating from v in the orbit of e2 that only intersect at v,
and this would imply that e1 is chainable with e2 (see Remark 3.3).
Finally, all o-edges in the orbit of e−11 emanating from v must share
the first edge, for otherwise e1 would be chainable with e
−1
1 (see Re-
mark 3.3).
The three observations above imply that all o-edges in the orbit of
e−11 emanating from v share the first edge with e2, for otherwise e1
would be chainable with e2.
Also, any other edge emanating from v is contained only in o-edges
in the orbit of e1, for otherwise we would have a triple as in Case (1).
Notice that (once we show that the orientation is well-defined) this
gives us the second property above.
Let us now show that any edge e is contained in some o-edge in the
orbit of either e1 or e
−1
1 .
By minimality of the action, e is contained in some o-edge e′. If e′ is
in the orbit of either e1 or e
−1
1 we are done, so suppose not. By what
we have shown so far, e′ shares the initial edge with an o-edge in the
orbit of e−11 . It is readily seen that e is either contained in an o-edge in
the orbit of e−11 or in an o-edge e
′′ (the thickened o-edge in Figure 7)
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that lies in the orbit of e1 since it shares the initial edge with an o-edge
in the orbit of e1.
PSfrag replacements
e1
e′
e′′
Figure 7
Finally, we are left to show that the orientation is well-defined,
namely that any given edge cannot be contained both in an o-edge
in the orbit of e1 and an o-edge in the orbit of e
−1
1 . If not, we could
construct an o-edge e′ (the thickened o-edge in Figure 8) sharing the
first edge with e1 and the final edge with an o-edge in the orbit of e
−1
1 .
The inverse of such o-edge would be in the orbit of e−11 but would share
the first edge with some o-edge in the orbit of e1, a contradiction.
PSfrag replacements e1
e−11
e′
e′
Figure 8
The orientation we just constructed is clearly Γ-invariant, and there
is only one point at infinity a corresponding to geodesic rays obtained
concatenating negatively oriented edges. Such point is a fixed point of
Γ.
Case (3a). There exists a minimal integer k so that Γ acts transi-
tively on E
(1)
v , . . . , E
(k−1)
v but not on E
(k)
v , and also k > 1.
As positive integer we pick k.
By hypothesis there exist at least two orbits of oriented geodesics of
orbit length k in T . We pick one orbit of oriented geodesics, and we
label as a that orbit, and we label as b some other orbit of oriented
geodesics. Finally, we assign label c to all other orbits.
Let us now realise every word w in {a, b, c} as (the label of) an ori-
ented o-geodesic in T . Consider any o(k)-geodesic ξ starting from the
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fixed vertex v with label the first letter of w. (The geodesic segment ξ
exists because Γ is transitive on ρ(Γ)v.) Let ξk−1 be the final subpath of
ξ of orbit length k−1, and let θ be an oriented o(k)-geodesic containing
ξk−1 and labelled as the second letter of w (here we use the transitivity
of Γ on o(k − 1)-geodesics). We can now concatenate ξ with θ1, where
θ1 is the final subpath of θ of orbit length 1 (see Figure 9). Iterating
PSfrag replacements
ξ
θv
θ1
ξk−1
Figure 9. Realise a word as an oriented o-geodesic
this construction, we can construct an oriented o-geodesic with any
required label.
Case (3b). Γ acts transitively on E
(k)
v for each k.
Notice that all o-edges have the same length, since they are in the
same orbit. Also, such length cannot be larger than 2 for otherwise
there would exist an o-edge of length 2, the thickened one in Figure 10.
Therefore, the transitivity of the Γ-action on E (k) for every k > 0
Figure 10. o-edges of length 2 and 3 in the same orbit
implies that we are in the situation described in point (i) of Theorem 1.
3.6. Preparatory lemmas. From now on we assume that situations
(i) and (ii) of Theorem 1 do not hold, so that there exists a labelling
with the property that all good words can be realised as the label of
some o-geodesic. Recall that part of the data of a labelling is an integer
k, which we fix from now on.
To justify what comes next, we mention now that we want to use
the following simple criterion to prove linear independence.
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Lemma 3.5. Let {cn} be non-trivial quasimorphisms on a group Γ.
Suppose that there exist elements {ηn, hn} of Γ so that for each positive
integers z,m, n we have
cn(η
z
m) = cn(h
z
m) = 0
and {
cn((ηmhm)
z) = 0 if m 6= n
cn((ηmhm)
z) ≥ z − 1 if m = n
Then {[δ1cn]} are linearly independent in H
2
b(Γ,R).
Proof. The conclusion easily follows by picking the homogenization of
cn. 
Remark 3.6. We could use the same criterion with “= z” replacing
“≥ z − 1”, but that would require being a bit more careful.
For w a word in a, b, we denote w−1 the word obtained reading w
from right to left and replacing each label of an o(k)-geodesic with the
label of the o(k)-geodesic with opposite orientation.
Fix from now on a choice of words {wni} as in Lemma 3.1, as well
as n0 = n0(k).
Lemma 3.7. Suppose that for some integers n,m ≥ n0, some i, j ∈
{1, 2, 3} and some ǫ1, ǫ2 ∈ {±1} we have o-geodesics γ1, γ2 in T labelled,
respectively, by wǫ1ni and w
ǫ2
mj that share a common o-subgeodesic of o-
length at least min{|γ1|o, |γ2|o}/10− 1. Then ǫ1 = ǫ2, i = j,m = n.
Notice that |γ1|o = |w
ǫ1
ni|+ k − 1.
Proof. Notice that if two o-geodesics share a common subgeodesic of
o-length, say L, then their labels have a common subword of length
L− k + 1.
If ǫ1 = ǫ2, then it is easy to get i = j,m = n because wni and wmj
can share a long subword only if they coincide.
We will now argue that we cannot have, say ǫ1 = +1 and ǫ2 = −1.
Suppose by contradiction that this is the case. Notice that by Lemma
3.1-(iii) there must be an o(k)-geodesic labelled a or b (contained in γ1)
that coincides with the inverse of an o(k)-geodesic labelled, respectively,
b or a (contained in γ2). In the second case of Remark 3.2, this cannot
happen, hence we can suppose that the labels a, b correspond to one
orbit of o(k)-geodesics each. In this case we get that the label w′mj
of γ2 is obtained reading wmj right-to-left and replacing each a with b
and vice versa. It is easily seen that w′mj and wnj cannot share a long
subword in view of Lemma 3.1-(i). 
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Definition 3.8. Let us call w±1ni -subgeodesic an o-subgeodesic of an
o-geodesic labelled w±1ni . A long w
±1
ni -subgeodesic is a w
±1
ni -subgeodesic
of o-length at least (|wni|+ k − 1)/2.
Definition 3.9. The almost concatenation of the o-geodesics γ1 and
γ2 (if it exists) is the o-geodesic obtained concatenating either γ1 and
γ2 or γ1, an o-edge and γ2. Almost concatenation of more than two
o-geodesics can be defined similarly.
Lemma 3.10. There exist elements gni ∈ Γ so that the following hold.
(1) There exists an o-geodesic sn obtained almost concatenating
a long wn3-subgeodesic and a long wn1-subgeodesic with the
following property. For each positive integer N , the o-geodesic
from v to (gn1gn3)
Nv is the almost concatenation of a long wn1-
subgeodesic, N −1 translates of sn and a long wn3-subgeodesic.
(2) For each positive integer N , the o-geodesic from v to (gn1gn2)
Nv
(resp. (g−1n2 gn3)
Nv) is obtained alternately almost concatenat-
ing long wn1-subgeodesics and long wn2-subgeodesics (resp. long
w−1n2 -subgeodesic and long wn3-subgeodesics).
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Figure 11. the o-geodesic [v, (gn1gn3)
2v]
Proof. Chose gni so that the geodesic from v to gniv is labelled wni. Let
us study the o-geodesic [v, (gn1gn3)
2v], the other cases being similar.
We can form a path from v to (gn1gn3)
2v by concatenating 4 geodesics,
alternately labelled wn1 and wn3. Since by Lemma 3.7 we can bound
the overlap of geodesics labelled wn1 (resp. wn3) and geodesics labelled
w−1n3 (resp. w
−1
n1 ), the conclusion easily follows, see Figure 11. 
3.7. Conclusion of proof of Theorem 1. Let sn be as in Lemma 3.10.
We want to apply Lemma 3.5 to cn = fρ(Γ)sn , ηn = gn1gn2, hn = g
−1
n2 gn3
for n sufficiently large. Let us for example show cn((g
−1
m2gm3)
z) = 0, the
other cases being similar (it is also worthwhile to point out that the
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geodesic [v, (gn1gn3)
zv] contains at least z−1 translates of sn by Lemma
3.10-(1)). If there was a translate of s±1n contained in [v, (g
−1
m2gm3)
zv],
then a suitable translate of sn would contain a w
±1
n1 -subgeodesic γ of
length (|w±1n1 |+ k − 1)/4− 1 with one of the following properties:
• γ is contained either in a long w−1m2-subgeodesic or in a long
wm3-subgeodesic, or
• γ contains either a long w−1m2-subgeodesic or a long wm3-subgeodesic.
All configurations are excluded by Lemma 3.7. By definition of fρ(Γ)sn ,
this implies cn((g
−1
m2gm3)
z) = 0. 
4. Remarks on actions fixing a point at infinity
In this section we make an observation about actions as in Theorem
1-(ii).
For a ∈ ∂T we denote by βa any Busemann function based at a so
that, for any vertex w of T , βa(w) is an integer. Also, for a ∈ ∂T
we denote by E
(n)
β the set of monotone geodesics of length n, meaning
geodesics of length n along which βa is increasing.
Proposition 4.1. Suppose that Γ acts minimally on the tree T and
that every vertex of T has valence greater than 2. Suppose that Γ fixes
a point a in the boundary ∂T of T . Then there exists an integer l so
that, for each integer n, Γ acts transitively on
{[x, y] ∈ E
(n)
β : βa(x) ≡ 0 (l)}.
Proof. First of all, let us show that there exists some h ∈ Γ that acts
hyperbolically on T . Pick any v ∈ T . It is easily seen that any
element h ∈ Γ so that βa(hv) 6= βa(v) acts hyperbolically, because,
up to exchanging v and hv and replacing h with h−1, a subray of [v, a)
gets mapped by h into a proper subray. Since there are no leaves in T ,
such h must exist.
In order to prove the proposition, we can fix a basepoint v on the
axis of h and show that for any integer k, Γ acts transitively on the
set of monotone o(k)-geodesics. This is clear when we fix the axis of a
conjugate of h and we restrict to monotone o(k)-geodesics contained in
that axis. Notice now that for any g ∈ Γ, the axis of hg passes through
gv and shares a common subray with the axis of h. Hence, for any
g ∈ Γ, the monotone o(k)-geodesic starting at gv is in the same orbit
as a monotone o(k)-geodesic contained in the axis of h, and hence it is
in the same orbit as the monotone o(k)-geodesic starting at v. 
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5. Local ∞-transitivity and quasimorphisms
In this section we prove Corollary 3. We start with the following
easy observation:
Lemma 5.1. Let T be a simplicial tree and let Γ < Aut(T ). Let us
suppose that we are in the situation (i) of Theorem 1, that is there
exists l ∈ {1, 2} so that for each n, Γ acts transitively on
{[x, y] ∈ E (n) : d(x, v) ≡ 0 (l)},
where v is any vertex of T . Then there exists a vertex x0 such that the
stabiliser StabΓ(x0) acts transitively on all spheres centered at x0.
Proof. Taking x0 := v we have that, for any n, Γ is transitive on paths of
length n starting at x0. Hence the stabiliser StabΓ(x0) acts transitively
on the sphere of radius n centered at x0. 
Let T be a locally finite tree with V the set of vertices and E the
set of edges. If e ∈ E , we denote by T +e the connected component of
T r {e} containing the terminus t(e) of e.
Lemma 5.2. Let T be a locally finite tree such that each vertex has
valence at least 2. Let Λ < Aut(T ) be a subgroup such that Λ\T is
finite and there is no fixed point in the boundary ∂T . Then Λ acts
minimally on T .
Proof. We will show first that the Λ-action on the boundary ∂T is
minimal, and conclude that the action on the tree is minimal as well.
Let F ⊆ ∂T be a closed non-empty Λ-invariant subset. We suppose
that F 6= ∂T . Let T ′ be the convex hull of F , that is the subtree
consisting of all bi-infinite geodesics connecting two elements in F . Let
ξ ∈ ∂T rF and let e ∈ E be an edge in T such that ξ ∈ ∂T +e ⊂ ∂T rF .
Let vn ∈ T
+
e be a vertex with d(vn, t(e)) = n. Since T
+
e and T
′ are
disjoint, d(T ′, vn) ≥ n and, by invariance, d(T
′, λvn) ≥ n for all λ ∈ Λ.
Let D ⊂ V be a fundamental domain for the Λ-action in V. Since D
is finite, there exists n0 ∈ N such that d(v, T
′) ≤ n0 for all v ∈ D. By
choosing n with n > n0 we see that D cannot intersect the Λ-orbit of
vn, which is a contradiction. Thus Λ acts minimally on ∂T .
Let now T ′ ⊂ T be a Λ-invariant non-empty subtree. Then ∂T ′ ⊆
∂T is a closed non-empty Λ-invariant subset and we will show that
∂T ′ 6= ∂T . Since T ′ 6= T , there exists a vertex v ∈ T ′ such that the
valence of v in T ′ is strictly smaller than the valence of v in T . Let
v′ ∈ V(T ) be an adjacent vertex with v′ /∈ V(T ′) and let e := (v, v′)
be the corresponding oriented edge in T . Since the valence of each
vertex is at least 2, this edge can be extended to an infinite ray, so
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that ∂T +e 6= ∅. But T
+
e ∩ T
′ = ∅, so that ∂T +e ∩ ∂T
′ = ∅ and hence
∂T ′ 6= ∂T . 
In order to prove Corollary 3 , we recall the following lemma from
[BM00]:
Lemma 5.3 ([BM00, Lemma 3.1.1]). Let T be a regular tree with ver-
tex set V and H < Aut(T ) a closed subgroup. Then the following
assertions are equivalent:
(1) H is locally ∞-transitive;
(2) StabH(v) is transitive on ∂T for every vertex v ∈ V;
(3) H is non-compact and acts transitively on ∂T ;
(4) H is doubly transitive on ∂T .
Proof of Corollary 3. The implication (1)⇒(2) is in [BM02, Corollary 26],
while (2)⇒(3) is obvious.
To show that (3)⇒(1) observe that since T1 and T2 are regular and
Γ < Aut(T1) × Aut(T2) is cocompact, then Γ-action on Ti is cofinite.
If Hi := pri(Γ)
Z
, the projection pri : Aut(T1) × Aut(T2) → Aut(Ti)
induces an equivariant map (Aut(T1)× Aut(T2))/Γ → Aut(Ti)/Hi, so
that on Aut(Ti)/Hi there is a finite invariant measure. If Hi were to
fix a point ξ ∈ ∂Ti, it would be amenable (see for example [FTN91,
Chapter 1, Section 8]) and because of the existence of a finite invariant
measure on Aut(Ti)/Hi, Aut(Ti) would be amenable as well. Hence Hi
does not fix any point ξ ∈ ∂Ti, so that by Lemma 5.2 the action on Ti is
minimal. Thus the Γ-action on Ti satisfies the hypothesis of Theorem 1
and we must be in case (i). By Lemma 5.1 there exists a vertex x ∈ Ti
such that StabΓ(x) acts transitively on all spheres centered at x. By
continuity StabHi(x) acts transitively on ∂Ti and hence so does Hi.
Since Hi is non-compact, by the implication (3)⇒(1) of Lemma 5.3,
Hi is locally ∞-transitive. 
6. Examples
We point out here that our Theorem 1 is not covered by the results
of Fujiwara [Fuj00] and of Minasyan and Osin [MO13].
6.1. Amalgamated free product of groups. Theorem 1.1 [Fuj00]
states that if G = A ∗C B is such that |C\A/C| ≥ 3 and |B/C| ≥ 2
then there exists an injective R-linear map ℓ1 → H2b(G,R).
We now show how to deduce Fujiwara’s result from Theorem 1.
According to Bass-Serre theory, G acts on a tree T whose vertices
are the left G-cosets of A and B and whose edges are the left G-cosets
of C.
18 QUASIMORPHISMS ON TREES
If |B/C| = 2, as explained in Remark 2, we replace T with the tree
T ′ obtained merging edges that share a vertex of degree 2, if not we
set T = T ′. Then T ′ satisfies the conditions of Theorem 1. We now
claim that if 1, a1, a2 ∈ A lie in pairwise distinct double-cosets, then
the oriented geodesics [B, a1B], [B, a2B] in T are not in the same G-
orbit. This easily implies that T ′ has at least two orbits of geodesics
of length 2 and hence Theorem 1-(i) does not hold for T ′. To prove
the claim, just observe that an element g ∈ G mapping [B, a1B] to
[B, a2B] stabilises [B,A], and hence belongs to C, and maps the edge
labelled a1C to the one labelled a2C, whence it also belongs to a2Ca
−1
1 ,
which contradicts the fact that a1, a2 are not in the same double coset
(see Figure 12). Theorem 1-(ii) is well-known not to hold (for T ′), for
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example because the stabiliser in T of each A-vertex acts transitively
on the edges emanating from it. Therefore, condition (iii) of Theorem 1
holds and we can deduce that H2b(G,R) contains a copy of ℓ
1.
Our result is more general even when restricted to amalgamated
products. Indeed, let us consider the group S3 ∗Z2 Z4 where S3 is
the symmetric group on 3 elements and its associated tree T . Since
the stabilizer of each vertex of T is a finite group, it easily follows
that conditions (i) and (ii) of Theorem 1 cannot be satisfied. Hence,
H2b(S3 ∗Z2 Z4,R) is infinite dimensional, a fact that can also be deduced
from the fact that it virtually free. However, it cannot be deduced from
Fujiwara’s result because |Z2\S3/Z2| ≥ 3 does not hold.
6.1.1. A family of examples. Based on [BM00, Example 1.2.1] we can
construct an infinite family of examples of (cocompact) irreducible lat-
tices Γ < PSL(n,Qp1)×PSL(n,Qp2), where p1, p2 are primes and n ≥ 3.
We illustrate the example for n = 3.
For ℓ ∈ {p1, p2} we consider the Bruhat–Tits building ∆ℓ associated
to PSL(3,Qℓ), that we proceed to recall (see [Bro89, Chapter V, 8B]).
Let V be a 3-dimensional vector space over Qℓ. Let L
′ be the space
of lattices L ⊂ V , that is of sub-Zℓ-modules L = Zℓv1 + Zℓv2 + Zℓv3,
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where {v1, v2, v3} is a Qℓ-basis of V . We consider on L
′ an equivalence
relation where L1 ∼ L2 if there exists λ ∈ Q
∗
ℓ such that L1 = λL2,
and let L := L′/ ∼. On L we define an incidence relation, where
we say that [L1], [L2] ∈ L are incident if [L1] 6= [L2] and there exists
representatives L1, L2 such that ℓL1 ⊂ L2 ⊂ L1. Consider now the flag
complex, that is the simplicial complex whose 0-cells are equivalence
classes of lattices [L] ∈ L, whose 1-cells are pairs of incident 0-cells and
whose 2-cells are triples of pairwise incident 0-cells. We denote ∆ℓ the
flag complex with the natural PSL(3,Qℓ)-action.
To an 0-cell [L] ∈ L we can associate a type as follows. Let L be a
representative of [L] with L = Zℓv1+Zℓv2+Zℓv3; if det(v1, v2, v3) = ℓ
nk,
where k ∈ Z×ℓ , n ∈ Z, then the type of [L] is n mod 3. It is easy to
see that the type of an 0-cell is well defined. As an example, the type
of Zℓe1 + Zℓe2 + Zℓe3 is 0, the type of Zℓe1 + Zℓe2 + Zℓℓe3 is 1, while
the type of Zℓe1 + Zℓℓe2 + Zℓℓe3 is 2, where e1, e2, e3 are the standard
basis elements. In addition to 3 types of 0-cells, there are also 3-types
of 1-cells. Let Gℓ be the subgraph of ∆ℓ consisting of edges of a given
type, for example (02). Fix a vertex [L0] in Gℓ, for example of type 0,
L0 = Zℓe1+Zℓe2+Zℓe3. The vertices [L] incident to [L0] are all of type
2 and, by definition, all satisfy the condition that ℓL0 ⊂ L ⊂ L0. In
other words they are in one-to-one correspondence with subspaces (in
this case lines) in L0/ℓL0 ≃ F
3
ℓ . The stabiliser of [L0] in PSL(3,Qℓ) is
PSL(3,Zℓ) and the effective action of StabPSL(3,Qℓ)([L0]) = PSL(3,Zℓ)
on the ℓ2 + ℓ + 1 vertices incident to [L0] is the action of PSL(3,Fℓ)
on the ℓ2 + ℓ + 1 lines in F3ℓ . Since PSL(3,Fℓ) is doubly transitive
on the set of pairs of lines, it follows that StabPSL(3,Qℓ)([L0]) is doubly
transitive on the set of incident vertices. It is easily shown that, given
an action on a tree, if all vertex stabilisers are doubly transitive on the
sphere of radius 1 around the corresponding point, then all stabilisers
act transitively on the sphere of radius 2.
We have hence given a sketch of the proof the following:
Lemma 6.1. The PSL(3,Qℓ)-action on the graph Gℓ is locally 2-transitive.
Let Tℓ2+ℓ+1 be the regular tree that is the universal covering of Gℓ.
Let
0 // π1(Gℓ)


// Hℓ // // PSL(3,Qℓ) // 0
be the exact sequence associated to the universal covering projection
π : Tℓ2+ℓ+1 → Gℓ, that is
Hℓ := {g ∈ Aut(Tℓ2+ℓ+1) : π ◦ g = h ◦ π for some h ∈ PSL(3,Qℓ)} ,
with
(6.1) π1(Gℓ) = {g ∈ Aut(Tℓ2+ℓ+1) : π ◦ g = π} ⊳ Hℓ .
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The following lemma shows that Hℓ cannot be locally ∞-transitive.
Lemma 6.2. Let T be a locally finite tree and let H < Aut(T ) be a
closed locally ∞-transitive subgroup. Any normal discrete subgroup
N ⊳ H consisting of hyperbolic elements must be trivial.
Proof. Since it is discrete, the group N is countable and, in particular,
the set of axes {an : n ∈ N, n 6= e} is countable. If h ∈ H , we have that
h(an) = ahnh−1. But Lemma 5.3 (1)⇒(4) implies that H acts doubly
transitive on ∂T , so that {h(an) : h ∈ H} would be uncountable. 
Let us consider now an irreducible (cocompact) lattice
Γ < PSL(3,Qp1)× PSL(3,Qp2)
and let us consider the inverse image Γ˜ < Hp1 ×Hp2 of Γ with respect
to the exact sequence
π1(Gp1)× π1(Gp2)


//Hp1 ×Hp2 // //PSL(3,Qp1)× PSL(3,Qp2)
Since Γ is irreducible, it has dense projections and hence, by Lemma 6.1
the action of pri(Γ) on Gpi is locally 2-transitive, for i = 1, 2. It follows
that also the action of pri(Γ˜) on Tp2
i
+pi+1 is locally 2-transitive; however
by Lemma 6.2, the closures of these projections are not locally ∞-
transitive.
By Corollary 3 we deduce that Γ˜ has an infinite dimensional set of
linearly independent median quasimorphisms. Notice that Γ, being an
irreducible lattice in a high rank Lie group, has no non-trivial quasi-
morphisms, [BM02].
The same construction can of course being performed for an irre-
ducible lattice Γ < PSL(n,Qp1)×PSL(n,Qp2), for any n ≥ 3, in which
case we will have an (n− 1)-dimensional flag complex.
Notice that Fujiwara’s condition on the number of double cosets
is in particular incompatible with the local 2-transitivity of Γ˜. In
fact, if we realise Γ˜ as the product of StabΓ˜(v1) and StabΓ˜(v2), amal-
gamated over StabΓ˜(v1, v2), the local 2-transitivity is equivalent to∣∣StabΓ˜(v1, v2)\ StabΓ˜(vi)/ StabΓ˜(v1, v2)∣∣ = 2, for i = 1, 2.
6.2. Acylindrical hyperbolicity. Minasyan and Osin [MO13] gave
a criterion for groups acting on a tree to be acylindrically hyperbolic
(see [Osi14] for the definition and equivalent characterizations). More
precisely, they state that if a group G acts minimally on a simplicial
tree T , it does not fix any point of ∂T , and there exist vertices u, v
of T such that the pointwise stabilizer PStabG{u, v} is finite, then G
is either virtually cyclic or acylindrically hyperbolic. In particular, if
QUASIMORPHISMS ON TREES 21
the group is acylindrically hyperbolic then H2b(G,R) is infinite dimen-
sional [HO13].
Condition (iii) of Theorem 1 includes groups which are not cov-
ered by [MO13]. For instance, let us consider the Caley graph T of
F3 = 〈a, b, c〉. Let Gbc be an infinite subgroup of Aut(T ) acting on
the subtree Tbc containing the vertex corresponding to the identity and
edges labelled by b and c only, and suppose that Gbc fixes T \Tbc. Let Γ
be the group of automorphisms generated by F3 and Gbc. By construc-
tion there exist at least two orbits of edges and Γ does not fix a point
in ∂T , therefore condition (iii) of Theorem 1 holds. On the other hand
it is easily seen that the stabilizer of each geodesic contains a conjugate
of Gbc and is therefore infinite, so that Theorem 2.1 in [MO13] does
not apply.
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